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Abstract
We promote the Noether charge of the electric-magnetic duality symmetry of U(1)
gauge theory, “G” to a quantum operator. We construct ladder operators, D†(±)a(k)
and D(±)a(k) which create and annihilate the simultaneous quantum eigen states of the
quantum Hamiltonian(or number) and the electric-magnetic duality operators respec-
tively. Therefore all the quantum states of the U(1) gauge fields can be expressed by a
form of |E, g〉, where E is the energy of the state, the g is the eigen value of the quantum
operator G, where the g is quantized in the unit of 1. We also show that 10 independent
bilinears comprised of the creation and annihilation operators can form SO(2, 3) which
is as demonstrated in the Dirac’s paper published in 1962. The number operator and
the electric-magnetic duality operator are the members of the SO(2, 3) generators. We
note that there are two more generators which commute with the number operator(or
Hamiltonian). We prove that these generators are indeed symmetries of the U(1) gauge
field theory action.
Quantization of the U(1) gauge fields with the electric-magnetic duality generator
Maxwell equations without any electric sources enjoy an interesting symmetry called electric-
magnetic duality symmetry. Under a transformation of ( ~E, ~B) → ( ~B,− ~E), the Maxwell
equations are invariant. In fact, the symmetry can be realized in the form of the (infinitesimal)
canonical transformation, which is given by
δ ~E = θ∇× ~A and δ ~A = θ∇−2∇× ~E, (1)
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where the θ is an infinitesimal rotation angle[1]. Noether theorem implies that there is a
corresponding conserved charge due to the electric-magnetic duality symmetry. It is given by
G =
1
2
∫
d3x[ ~E · ∇−2~∇× ~E − ~A · ~∇× ~A]. (2)
Because this is a symmetry generator, {H,G} = 0, where H is the Hamiltonian, given by
H =
1
2
∫
d3x[( ~E)2 + (~∇× ~A)2] (3)
and {C,D} = δC
δAa
δD
δEa
− δC
δEa
δD
δAa
is the Poison bracket.
In the first part of this note, we quantize the U(1) gauge field theory and construct quantum
states labeled by their energy eigen values and electric magnetic duality charge. The tradi-
tional way to quantize the classical field theory is that one solves the classical field equations,
find positive and negative frequency modes and promotes the coefficient of each mode to anni-
hilation and creation operators satisfying a certain commutation relation between them. If one
does follow this standard process, then it is found that the creation or annihilation operators
are indeed not the ladder operators for the electric-magnetic duality generator, G even though
they are the ones for the Hamiltonian.
We start with definition of the creation and annihilation operators, which are given by
Aa(k) =
1√
2|k|(Aa(k) +A
†
a(k)), and Ea(k) = −i
√
|k|
2
(Aa(k)−A†a(k)), (4)
where Aa and Ea are the gauge fields and the electric fields respectively and Aa and A†a are
the creation and the annihilation operators in momentum space. The index a runs over 1 to
3, and so ka are 3-momentum.
To construct the simultaneous eigen states of the quantum operators of H and G, we
introduce the other creation and annihilation operators, which are given by
D†(∓)c(k) ≡ A†c(k)± iabc
kb
|k|A
†
a(k), (5)
D(∓)c(k) ≡ Ac(k)∓ iabc kb|k|Aa(k). (6)
The new operators have the following properties: D†(∓)c(k) are the creation operators in a
sense that they increase the energy of the states with amount of |k|, but D†(+)c(k) increase
the electric-magnetic duality charge with a unit of 1 whereas D†(−)c(k) decreases that in the
same amount. Likewise, D(∓)c(k) are the annihilation operators for the Hamiltonian but they
change the electric-magnetic duality charge with amount of ±1 respectively. Therefore, the
quantum states are labeled by the two quantum numbers, energy, E and the electric-magnetic
duality charge g, as |E, g〉.
Interesting properties of the states are listed in order. Firstly, the vacuum state is g = 0
state. Therefore, we express the vacuum as |0, 0〉. Secondly, for the N -particle eigen states of
H and G, |E, g〉, if N is even, then g is an even number and if N is odd, then g is an odd
number.
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The emergent SO(2, 3) from the bilinears of the D†(±)c(k) or D(±)c(k) The second issue
that we deal with is the bilinear operators and their group structure. We comprise of 10
independent bilinear operators made out of the D(∓)c(k) and D
†
(∓)c(k) operators. The 4 of
them are give by
S3 =
1
16
∑
ξ=+,−
∫
d3k(D†(ξ)a(k)D(ξ)a(k) +D(ξ)a(k)D
†
(ξ)a(k)) =
1
2
Nˆ (7)
=
1
4
∫
d3k(A†a(k)Aa(k) +Aa(k)A†a(k))
L2 = −1
8
∫
d3k(D†(+)a(k)D(+)a(k)−D†(−)a(k)D(−)a(k)) = −
1
2
Gˆ (8)
= − 1
2i
∫
d3kefa
kf
|k|A
†
e(k)Aa(k)
K2 =
i
8
∫
d3k(D†(+)a(k)D
†
(−)a(k)−D(+)a(k)D(−)a(k)) (9)
=
i
4
∫
d3k(A†a(k)A†a(k)−Aa(k)Aa(k))
Q2 = −1
8
∫
d3k(D†(+)a(k)D
†
(−)a(k) +D(+)a(k)D(−)a(k)) (10)
= −1
4
∫
d3k(A†a(k)A†a(k) +Aa(k)Aa(k))
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Figure 1: The map of the quantum states. The x-axis is the eigen-value of the number operator
and the y-axis is the one of the electric-magnetic duality operator.
3
These operators are commute with the electric-magnetic duality generator, G. The electric-
magnetic duality generator in terms of the primitive annihilation and creation operators is
given by
G ≡ −i
∫
d3k
abckb
|k| A
†
a(k)Ac(k) (11)
By employing commutation relations between G and A†a(k), Ac(k), one can realize that G
is a SO(2) rotation generator and ~A =(A1(k),A2(k)) and ~A† =(A†1(k),A†2(k)) are vectors
under such a transform, where we set the direction of momentum of the gauge fields to be
~k = (0, 0, k). In fact, they transform as( A1(k)
A2(k)
)′
=
(
cos θ sin θ
− sin θ cos θ
)( A1(k)
A2(k)
)
, (12)
and the creation operators do in the same way. It is manifest that the above 4 bilinear
operators are invariant under the SO(2) rotation since they are either inner products or fully
anti symmetric combination of the vector components of ~A or ~A†. Therefore, they are commute
one another.
The symmetric tensor part of the bilinear combination of the vectors ~A or ~A† are given in
the below.
L1 =
1
8
∫
d3k[D†+(1(k)D2)−(k) +D
†
−(1(k)D2)+(k)]
L3 = − i
8
∫
d3k[D†+(1(k)D2)−(k)−D†−(1(k)D2)+(k)]
K1 =
i
16
∫
d3k[D†+(1(k)D
†
2)+(k)−D†−(1(k)D†2)−(k) +D−(1(k)D2)−(k)−D+(1(k)D2)+(k)]
K3 =
1
8
∑
ξ=+,−
∫
d3k[D†ξ(1(k)D
†
2)ξ(k) +Dξ(1(k)D2)ξ(k)]
Q1 = − 1
16
∫
d3k[D†+(1(k)D
†
2)+(k)−D†−(1(k)D†2)−(k)−D−(1(k)D2)−(k) +D+(1(k)D2)+(k)]
Q3 =
i
8
∑
ξ=+,−
∫
d3k[D†ξ(1(k)D
†
2)ξ(k)−Dξ(1(k)D2)ξ(k)]
These bilinear operators are the symmetric traceless components of SO(2) tensors as AaA†b,
A†aA†b or AaAb. Absolutely these will change under the SO(2) rotation and consequently they
do not commute with G i.e. L2. The commutators between the bilinear operators are given in
the table below.
In fact, the tensor components transform under the SO(2) rotation as
L′1 = L1 cos(2θ) + L3 sin(2θ) (13)
L′3 = −L1 sin(2θ) + L3 cos(2θ) (14)
K ′1 = K1 cos(2θ) +K3 sin(2θ) (15)
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K ′3 = −K1 sin(2θ) +K3 cos(2θ) (16)
Q′1 = Q1 cos(2θ) +Q3 sin(2θ) (17)
Q′3 = −Q1 sin(2θ) +Q3 cos(2θ) (18)
This means that the combinations of the tensor components as L21 +L
2
2, K
2
1 +K
2
2 and Q
2
1 +Q
2
2
are invariant under electric-magnetic duality rotation.
More electric-magnetic duality like symmetries Once one observes the SO(2, 3) bi-
linear generators, one may realize that the operators L1 and L3 commute with the number
operator(also with the Hamiltonian) as well as the L2, which is the electric-magnetic duality
generator. This means that L1 and L3 are candidates of the symmetry generator of the U(1)
gauge theory. The Hamiltonian is obtained by Legendre transformation from the Lagrangian.
Then once a quantity,
∫
d4x~E(x, t) · ~A(x, t) is invariant under L1 or L3, the Lagrangian will be
so too.
To check if they are indeed a symmetry of the U(1) gauge field theory action, let us
examine the L1 operator first. We start with the relation between the creation and annihilation
operators and the electric fields and the gauge fields, which are given by
Aa(k) =
1√
2|k|(Aa(k) +A
†
a(k)), and Ea(k) = −i
√
|k|
2
(Aa(k)−A†a(k)). (19)
By using the above expression, we get the transformation of the fields Aa(k) and Ea(k) under
L1, which are given by
δAa = [L1, Aa(k)] = −i 
2
|kb|
k2
+bcdΠca(k)Ed(k), (20)
δEa = [L1, Ea(k)] = i

2
|kb|+bcdΠca(k)Ad(k), (21)
where +abc are symmetric and off-diagonal symbol defined as
+abc = 0 if any of the indices are the same with an(the) other(s), (22)
L1 L2 L3 S3 K1 K2 K3 Q1 Q2 Q3
L1 0 iL3 −iL2 0 0 iK3 −iK2 0 iQ3 −iQ2
L2 −iL3 0 iL1 0 −iK3 0 iK1 −iQ3 0 iQ1
L3 iL2 −iL1 0 0 iK2 −iK1 0 iQ2 −iQ1 0
S3 0 0 0 0 −iQ1 −iQ2 −iQ3 iK1 iK2 iK3
K1 0 iK3 −iK2 iQ1 0 −iL3 iL2 iS3 0 0
K2 −iK3 0 iK1 iQ2 iL3 0 −iL1 0 iS3 0
K3 iK2 −iK1 0 iQ3 −iL2 iL1 0 0 0 iS3
Q1 0 iQ3 −iQ2 −iK1 −iS3 0 0 0 −iL3 iL2
Q2 −iQ3 0 iQ1 −iK2 0 −iS3 0 iL3 0 −iL1
Q3 iQ2 −iQ1 0 −iK3 0 0 −iS3 −iL2 iL1 0
Table 1: Values of commutator , [column , row ]
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+abc = 1 if all the indices are different one another. (23)
For instance, +112 = 
+
333 = 0, 
+
123 = 
+
132 = 1. It is obvious that the Hamiltonian is invariant
under the transformation. Since the action is obtained by Legendre transformation from the
Hamiltonian as
S =
∫
d3kdtEa(k, t)A˙a(k, t)−
∫
H(Ea, Aa)dt, (24)
and we understand that the Hamiltonian is invariant under the above transformation, to prove
that the action, S is invariant, we need to show that
∫
d3kdt Ei(k, t)A˙i(k, t) does not change
upto total derivative under it. The change of the term is given by
δ
(∫
d3kdt Ei(k, t)A˙i(k, t)
)
=
∫
d3kdt δEi(k, t)A˙i(k, t) +
∫
d3kdt Ei(k, t)δA˙i(k, t)
=
∫
d3kdt
(
i

4
|kb|+bcdΠca(k)
∂(Ad(k)Aa(−k))
∂t
− i 
4
|kb|
k2
+bcdΠca(k)
∂(Ed(k)Ea(−k))
∂t
)
.
Therefore, it it manifest that the L1 is a symmetry generator.
The 2nd and last operator that we examine is the L3 operator. The transformation of the
fields Aa(k) and Ea(k) when we act this operator on them is given by
δAa = [L3, Aa(k)] = −i 
2
Π−ab(k)
|k| Eb(k), (25)
δEa = [L3, Ea(k)] = i

2
|k|Π−ab(k)Ab(k), (26)
where Π−ab(k) is given by
Π−ab(k) = −
kekd
k2
eca
+
fcb (27)
The Hamiltonian is invariant under the transformation. Again, we show that
∫
d3kdt Ei(k, t)A˙i(k, t)
does not change upto total derivative under this transform as
δ
(∫
d3kdt Ei(k, t)A˙i(k, t)
)
=
∫
d3kdt δEi(k, t)A˙i(k, t) +
∫
d3kdt Ei(k, t)δA˙i(k, t)
=
∫
d3kdt
(
i

4
|k|Π−ab(k)
∂(Aa(k)Ab(−k))
∂t
− i 
4
Π−ab(k)
|k|
∂(Ea(k)Eb(−k))
∂t
)
Appendices
A. Quantization with the electric-magnetic duality generator and the
quantum operators and states
The electric-magnetic duality generator in momentum space is given by
G =
i
2
∫
d3kabc
[
Ea(k)
kb
k2
Ec(−k) + Aa(k)kbAc(−k)
]
, (28)
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where Ea(k) are the electric fields and Aa(k) are the gauge fields. They are the canonical pair
and so satisfy the following Poisson bracket relation:
{Ab(x), Ea(y)} = δabδ(3)(x− y) (29)
The two fields satisfy the Gauss constraint, ∂aE
a = 0 and this ensures that they are transverse
fields. Therefore the Poisson bracket relation is modified as
{ATb (x), ETa (y)} = Πab(x)δ(3)(x− y), (30)
where the Πab(x) =
(
δab − ∂a∂b∇2
)
is the project operator.
Quantization Maxwell theory is mathematically a collection of two independent harmonic
oscillators.
Aa(x) =
1
(2pi)
3
2
∫
d3k exp(ikbxb)
∑
A=1,2
qA(k)e
A
a (k), (31)
Ea(x) =
1
(2pi)
3
2
∫
d3k exp(ikbxb)
∑
A=1,2
pA(k)eaA(k),
where the indices a, b... are 3 dimensional spatial indices and A,B... are the polarization indices.
The eaA(k) is the polarization vector, e
a
A(k)ka = 0 to make sure that the fields Aa(x) and Ea(x)
are transverse and eaA(k)e
B
a (−k) = δBA . pA(k) = pA(−k)?, qA(k) = qA(−k)? and eAa (k) =
eAa (−k)? because the fields are real. eAb (k1)eaA(−k1) ≡ Πab (k1) = δab − kakbk2 .
Fourier transform,
φ(x) =
1
(2pi)
3
2
∫
d3k exp(ikbxb)φ(k), (32)
defines the fields in the momentum space as
Aa(k) = qA(k)e
A
a (k) and E
a(k) = pA(k)eaA(k). (33)
Their Poisson brackets are given by
{Ab(k1), Ea(k2)} = Πba(k1)δ(3)(k1 + k2), (34)
{qA(k1), pB(k2)} = δBAδ(3)(k1 + k2).
We define creation and annihilation operators as
aA(k) =
1√
2
(√
|k|qA(k) + i√|k|pA(k)
)
, (35)
a†A(k) =
1√
2
(√
|k|qA(−k)− i√|k|pA(−k)
)
,
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and the inverse relations are given by
qA(k) =
1√
2|k|(aA(k) + a
†
A(−k)), (36)
pA(k) = −i
√
|k|
2
(aA(k)− a†A(−k)).
The final form of the Poisson bracket is given by
{A†d(k), G} = abc
kb
|k|Πdc(k)A
†
a(k), (37)
{Ad(k), G} = abc kb|k|Πdc(k)Aa(k),
{Aa(k),A†b(k′)} = −iΠab(k)δ(3)(k − k′),
{H,Aa(k)} = i|k|Aa(k),
{H,A†a(k)} = −i|k|A†a(k),
where Aa(k) = eAa (−k)aA(k) and A†a(k) = eAa (k)a†A(k). The quantization of the fields is per-
formed by switching the Poisson brackets to the commutators as { } → −i[ ] and promoting
all the fields to the quantum operators. The forms of the Hamiltonian and electric-magnetic
duality operators are given by
H =
∫
d3k|k|a†A(k)aA(k) ≡
∫
d3k|k|A†a(k)Aa(k), (38)
and
G = −i
∫
d3k
abckbe
A
a (k)e
B
c (−k)
|k| a
†
A(k)aB(k) ≡ −i
∫
d3k
abckb
|k| A
†
a(k)Ac(k). (39)
The annihilation and creation operators are ladders for the Hamiltonian but those do not
increase or decrease the eigen values of the operator, G. To find simultaneous ladders for the
H and G, we define
D†(∓)c(k) = A†c(k)± iabc
kb
|k|A
†
a(k), (40)
D(∓)c(k) = Ac(k)∓ iabc kb|k|Aa(k), (41)
and then it turns out that the commutation relations are modified to
[D†(∓)c(k), G] = ±D†(∓)c(k), [D(∓)c(k), G] = ∓D(∓)c(k), (42)
[H,D†(∓)c(k)] = |k|D†(∓)c(k), [H,D(∓)c(k)] = −|k|D(∓)c(k),
[D(∓)c(k), D
†
(∓)d(k
′)] = 2δ(3)(k − k′)
(
Πcd(k)± iced ke|k|
)
.
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B. Construction of [SO(2, 3)] group from bilinear operators
from D(±)a(k) and D
†
(±)a(k)
We start with a new definition of D(±)a(k) and D
†
(±)a(k) for further conveience, which is given
by
D†(ξ)c(k) = A†c(k)− iξabc
kb
|k|A
†
a(k), (43)
D(ξ′)c(k) = Ac(k) + iξ′abc kb|k|Aa(k), (44)
where for ξ = ±1, D†(ξ)c(k) represents D†(±)c(k) and for ξ′ = ±1, D(ξ′)c(k) represents D(±)c(k)
respectively. The bilinear operators constructed out of the operators, D(ξ)c(k) and D
†
(ξ)c(k)
have the following forms: ∫
D†(ξ)a(k)D
†
(ξ′)b(k)d
3k, (45)∫
D(ξ)a(k)D(ξ′)b(k)d
3k, (46)∫
D(ξ)a(k)D
†
(ξ′)b(k)d
3k, (47)∫
D†(ξ)a(k)D(ξ)b(k)d
3k, (48)
where the third and the fourth operators are the same upto a constant(a c-number). Since we
are interested in their commutation relations, we regard the third and fourth as the same. One
can also classify the operators into their trace, anti-symmetric and traceless-symmetric parts.
First of all, we discuss their trace parts, which are listed as below:∫
d3k D†(ξ)a(k)D
†
(ξ′)a(k) = (1− ξξ′)
∫
d3k A†a(k)A†a(k), (49)∫
d3k D(ξ)a(k)D(ξ′)a(k) = (1− ξξ′)
∫
d3k Aa(k)Aa(k), (50)
and∫
d3k D†(ξ)a(k)D(ξ′)a(k) = (1 + ξξ
′)
∫
d3k A†a(k)Aa(k)− i(ξ + ξ′)
∫
d3k efa
kf
|k|A
†
e(k)Aa(k).
(51)
When ξ and ξ′ take the same sign, the bilinear operators (49) and (50) become null identically.
If they take the different sign as (ξ, ξ′) = (+1,−1) or (ξ, ξ′) = (−1,+1), then (49) and (50)are
proportional to the trace of the primitive creation and annihilation operators respectively.
Since the operators are not Hermitian, we constitute their appropriate linear combinations to
be Hermitian operators. They are nothing but K2 and Q2 operators listed below.
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K2 =
i
8
∫
d3k(D†(+)a(k)D
†
(−)a(k)−D(+)a(k)D(−)a(k)) (52)
=
i
4
∫
d3k(A†a(k)A†a(k)−Aa(k)Aa(k))
Q2 = −1
8
∫
d3k(D†(+)a(k)D
†
(−)a(k) +D(+)a(k)D(−)a(k)) (53)
= −1
4
∫
d3k(A†a(k)A†a(k) +Aa(k)Aa(k))
Only when ξ and ξ′ take the same sign, (51) becomes non-trivial, which is a linear combi-
nation of the number operator and electric-magnetic duality operator. Together with this, we
examine the anti-symmetric parts of the bilinear operators, which are given by∫
d3k D†(ξ)[aD
†
b](ξ′) = i(−ξ + ξ′)
∫
d3k
kf
|k|(−efbA
†
aA†e + efaA†bA†e) (54)∫
d3k D(ξ)[aDb](ξ′) = i(−ξ + ξ′)
∫
d3k
kf
|k|(efbAaAe − efaAbAe) (55)∫
d3k D†(ξ)[aDb](ξ′) =
∫
d3k
[
A†aAb −A†bAa + ξξ′
kdkf
|k| A
†
cAe(cdaefb − cdbefa) (56)
+ efb
kf
|k|(iξ
′A†aAe + iξA†eAa)− efa
kf
|k|(iξ
′A†bAe + iξA†eAb)
]
It turns out that (54) and (55) are not independent operators. Once we contract the operators
with a tensor kc|k|abc, they become proportional to (49) and (50) respectively. The same con-
tractions acting on (56) leads another linear combination of the number and electric-magnetic
duality operators. Therefore, appropriate combinations of the (56) and (51) provide the oper-
ators below.
S3 =
1
16
∫
d3k(D†(+)a(k)D(+)a(k) +D
†
(−)a(k)D(−)a(k) +D(−)a(k)D
†
(−)a(k) +D(+)a(k)D
†
(+)a(k))
=
1
4
∫
d3k(A†a(k)Aa(k) +Aa(k)A†a(k)) =
1
2
Nˆ
L2 = −1
8
∫
d3k(D†(+)a(k)D(+)a(k)−D†(−)a(k)D(−)a(k))
= − 1
2i
∫
d3kefa
kf
|k|A
†
e(k)Aa(k) = −
1
2
Gˆ
To construct the symmetric parts of the bilinear operators, we utilize the following identi-
ties:
D†(ξ)(aD
†
b)(ξ′) = 2A†aA†b − 2ξξ′cdbefa
kdkf
|k|2 A
†
cA†e − i(ξ + ξ′)
kf
|k|(efbA
†
aA†e + efaA†bA†e)
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D(ξ)(aDb)(ξ′) = 2AaAb − 2ξξ′cdbefakdkf|k|2 AcAe + i(ξ + ξ
′)
kf
|k|(efbAaAe + efaAbAe)
D†(ξ)(aDb)(ξ′) = A†aAb +A†bAa + ξξ′
kdkf
|k| A
†
cAe(cdaefb + cdbefa)
+efb
kf
|k|(iξ
′A†aAe − iξA†eAa) + efa
kf
|k|(iξ
′A†bAe − iξA†eAb)
Since they are tensor components, they change under SO(3) spatial rotation. Therefore, we
choose our frame as ~k = (0, 0, k) and then the spatial index a in Da(ξ)(k) and D
†
a(ξ)(k) can take
1 or 2. Every possible (linearly independent one another) choices are listed below.
L1 =
1
8
∫
d3k[D†+(1(k)D2)−(k) +D
†
−(1(k)D2)+(k)]
L3 = − i
8
∫
d3k[D†+(1(k)D2)−(k)−D†−(1(k)D2)+(k)]
K1 =
i
16
∫
d3k[D†+(1(k)D
†
2)+(k)−D†−(1(k)D†2)−(k) +D−(1(k)D2)−(k)−D+(1(k)D2)+(k)]
K3 =
1
8
∫
d3k[D†+(1(k)D
†
2)+(k) +D
†
−(1(k)D
†
2)−(k) +D−(1(k)D2)−(k) +D+(1(k)D2)+(k)]
Q1 = − 1
16
∫
d3k[D†+(1(k)D
†
2)+(k)−D†−(1(k)D†2)−(k)−D−(1(k)D2)−(k) +D+(1(k)D2)+(k)]
Q3 =
i
8
∫
d3k[D†+(1(k)D
†
2)+(k) +D
†
−(1(k)D
†
2)−(k)−D−(1(k)D2)−(k)−D+(1(k)D2)+(k)]
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